To pave the way for the journey from geometry to conformal field theory (CFT), these notes present the background for some basic CFT constructions from Calabi-Yau geometry. Topics include the complex and Kähler geometry of Calabi-Yau manifolds and their classification in low dimensions. I furthermore discuss CFT constructions for the simplest known examples that are based in Calabi-Yau geometry, namely for the toroidal superconformal field theories and their Z 2 -orbifolds. En route from geometry to CFT, I offer a discussion of K3 surfaces as the simplest class of Calabi-Yau manifolds where nonlinear sigma model constructions bear mysteries to the very day. The elliptic genus in CFT and in geometry is recalled as an instructional piece of evidence in favor of a deep connection between geometry and conformal field theory.
Introduction
These lecture notes aim to make a contribution to paving the way from geometry to conformal field theory.
While two-dimensional conformal field theories can be defined abstractly in mathematics without reference to the algebraic geometry of complex manifolds of dimension greater than one, some of the most interesting examples are expected to arise geometrically from Calabi-Yau manifolds of complex dimension two or higher. Indeed, Calabi-Yau manifolds are the candidates for consistent geometric backgrounds for superstrings. Roughly, the string dynamics in such a geometric background are governed by so-called non-linear sigma models, whose equations of motion imply conformal invariance. The resulting quantum field theory on the world-sheet is thus a superconformal field theory. From a mathematical point of view, this looks encouraging, since conformal field theory allows an independent mathematical approach, while string theory as a whole is not comprehensible to a mathematically satisfactory degree, as yet. However, non-linear sigma model constructions are far from well understood, mathematically. The only examples of (compact) Calabi-Yau manifolds where explicit constructions of a non-linear sigma model are known are the complex tori and their orbifolds. It seems that we are jumping out of the frying pan into the fire: By focusing on conformal field theory instead of string theory, we trade one mathematically dissatisfactory approach by a concept whose abstract definition prevents it from being immediately applied. Though string theory in its full generality seems to allow non-geometric phases, it is still crucially connected to geometry. To advance the subject, I am convinced that it is a Sine qua non to get a better understanding of the precise relation between geometry and conformal field theory, beginning with those cases where constructions are explicitly known.
These lecture notes should be viewed as an invitation to this journey from geometry to conformal field theory. They give a lightning introduction to the subject, as do many other excellent sources, so I try to keep the exposition somewhat complementary to existing works. As key examples, which are both sufficiently simple and mysterious, K3 surfaces play a special role en route from geometry to conformal field theory.
These notes are structured as follows:
Section 1 is devoted to some background in Calabi-Yau geometry. In Section 1.1, I recall basic mathematical concepts leading to the definition of Calabi-Yau manifolds, and some of their fundamental properties. Section 1.2 introduces a number of topological invariants of Calabi-Yau manifolds and culminates in a summary of mathematical arguments that yield the classification of Calabi-Yau manifolds of complex dimension D ≤ 2. The classification naturally leads to the definition of K3 surfaces. An important topic whose discussion would naturally follow is the structure of the moduli spaces of complex structures, Kähler structures and Hyperkähler structures on K3 surfaces. However, since these topics have already been discussed elsewhere, even by myself [NW01, Wen07] , I omit them in these notes. Instead, Section 1.3 gives a detailed summary of the Kummer construction as a classical example of a geometric orbifold procedure. In particular, I argue that the Kummer surfaces constitute a class of K3 surfaces which are very well understood, because their geometric properties are entirely governed by much simpler manifolds, namely the underlying complex two-tori.
Section 2 discusses explicit examples of superconformal field theories that are obtained from non-linear sigma model constructions. Since I have done so elsewhere, in these notes I do not offer a proposal for the defining mathematical properties of conformal field theory. Instead, the recent review [Wen15] should be viewed as the conformal field theory companion to these lecture notes, while the present exposition, in turn, can be understood as the geometric companion of [Wen15] . Concretely, Section 2.1 gives a brief review of toroidal superconformal field theories. Lifting the Kummer construction of Section 1.3 to the level of conformal field theory, Section 2.2 addresses Z 2 -orbifold constructions of toroidal superconformal field theories. To substantiate the expectation that these orbifold conformal field theories are correctly interpreted as non-linear sigma models on Kummer surfaces, I include a brief discussion of elliptic genera: I introduce the conformal field theoretic elliptic genus as a counter part of the geometric elliptic genus. I then show that the geometric elliptic genus of K3 surfaces agrees with the conformal field theoretic elliptic genus of the Z 2 -orbifold conformal field theory obtained from a toroidal superconformal field theory on a complex two-torus, recalling the known proof [EOTY89] .
The final Section 3 places K3 en route from geometry to conformal field theory: I motivate and discuss the definition of K3 theories, which is formulated purely within representation theory. While this may be mathematically satisfying, it entails a consideration of K3 theories against non-linear sigma models on K3, for which explicit direct constructions on smooth K3 surfaces are lacking. I recall the role of the chiral de Rham complex in the context of elliptic genera of Calabi-Yau manifolds and conformal field theories, respectively. I conclude with a few speculations on the vertex algebra which can be obtained from the cohomology of the chiral de Rham complex, as candidate for a recovery of some of the conformal field theory structure from purely geometric ingredients. the lectures leading to these notes were presented.
I am grateful to the organizers of the 2nd COST MP2010 Meeting "The String Theory Universe", particularly to the local organizer Gabriele Honecker, for inviting me to this stimulating event at the Mainz Institute for Theoretical Physics (MITP). My thanks go to the MITP for its hospitality and its partial support during the completion of these lecture notes.
This work was in part supported by my ERC Starting Independent Researcher Grant StG No. 204757-TQFT "The geometry of topological quantum field theories".
Calabi-Yau geometry
By definition, a Calabi-Yau manifold is a compact 1 Kähler manifold with trivial canonical bundle. This section gives an introduction to the mathematical ingredients of this definition and illustrates its consequences.
Examples of Calabi-Yau manifolds are the complex tori, which also furnish the only examples where a non-linear sigma model construction immediately yields an associated conformal field theory (see Section 2.1). In Section 1.2, we will see that in complex dimension one and two, apart from tori, the only Calabi-Yau manifolds are the K3 surfaces. The final subsection is devoted to the Kummer construction, yielding a special class of K3 surfaces which are almost as well under control from a conformal field theoretic point of view as are the complex tori (see Section 2.2).
There are a number of excellent books on the topics presented in this section, see for example [BHPvdV04, GH78, Huy05, Joy00, Wel73] . In particular, if not stated otherwise, then proofs of the classical results below can be found in these references.
The Calabi-Yau condition
In the following, familiarity with the concepts of differential geometry and complex analysis is assumed. The definition of topological and Riemannian manifolds over R and of vector bundles is crucial and can be found in textbooks like [dC92, Lee09, Mor01, O'N83]. The concept of holomorphic functions and their special properties is the foundation of complex analysis, where good textbooks include [FB05, Lan99, Rem91] .
Recall that a D-dimensional complex manifold is a differentiable real 2D-dimensional manifold Y together with a holomorphic atlas (U α , ϕ α ) α∈A , i.e. an open covering {U α | α ∈ A} of Y with diffeomorphisms ϕ α :
Such a holomorphic atlas is said to define a complex structure on the real manifold Y . There is an alternative description, which sometimes is more convenient, and which is motivated by the following observations:
Consider y ∈ U α and note that due to
The endomorphism I is checked to be independent of the choice of (holomorphic!) coordinates. Its C-linear extension to the complexification T C Y := T Y ⊗ R C of the tangent bundle T Y is also denoted by I. By construction, I 2 = −I, such that we have an eigenspace decomposition
, where I acts on the fibers of T 1,0 Y by multiplication by i, and on those of T 0,1 Y by multiplication by −i. In fact, T 1,0 Y is a holomorphic vector bundle whose cocycles can be given by the Jacobians of the coordinate changes in any holomorphic atlas of Y , and T 0,1 Y = T 1,0 Y with the complex conjugation v ⊗ λ := v ⊗ λ for y ∈ Y, v ∈ T y Y, λ ∈ C. The induced decomposition of the cotangent bundle yields a decomposition d = ∂ + ∂ of the exterior differential d, where on A p,q (Y ), the space of (p, q)-forms on Y , we have
Since T 1,0 Y is a holomorphic vector bundle, it is closed under the Lie bracket (see e.g. [O'N83, §1 and App. B] for a discussion of the Lie bracket).
Vice versa, on a differentiable real 2D-dimensional manifold Y , a fiberwise endomorphism I ∈ End(T Y ) with I 2 = −I is called an almost complex structure. Given an almost complex structure, the fiber-wise eigenspace decomposition [NN75] , every integrable almost complex structure on Y is induced by a unique complex structure.
In summary, the choice of a complex structure on Y is tantamount to the choice of an endomorphism I which defines an integrable almost complex structure on Y .
Next, Riemannian geometry comes into play: We choose a Riemannian metric g on our complex manifold Y , viewed as a real manifold, and discuss meaningful additional compatibility conditions. Let g also denote the sesquilinear continuation of g to T C Y , where I use the convention
With respect to local complex coordinates (z 1 , . . . , z D ) on U ⊂ Y , and restricting to real tangent vectors,
with a Hermitean matrix (g j,k ) j,k∈{1,...,D} . The complex structure on Y is said to be compatible with the metric g, if the corresponding almost complex structure I ∈ End(T Y ) is orthogonal with respect to g, in other words if
Then g j,k = 0 for all j, k ∈ {1, . . . , D}, so
One checks directly that this compatibility condition implies that with respect to g, we have T 
It is important to keep in mind that g is extended to T C Y as a Hermitean sesquilinear form, while ω is antisymmetric and C-bilinear on T C Y . Note that any two ingredients of the triple (I, g, ω) determine the third one.
The following additional condition on the metric turns out to have farreaching consequences [Käh33] : 3. The Levi-Civita connection for g, that is, the unique torsion-free metric connection, agrees with the Chern (or holomorphic) connection for I, i.e. with the unique metric connection whose (0, 1) part is ∂.
4. The almost complex structure I of Y is parallel with respect to the LeviCivita connection for g.
With respect to arbitrary holomorphic coordinates
∂z k for all k, l, m ∈ {1, . . . , D}, or equivalently
∂z l for all k, l, m ∈ {1, . . . , D}.
6. The metric osculates to second order with the standard Euclidean metric, that is, for every y ∈ Y , there are holomorphic co-
7. The holonomy representation of Y is unitary on each tangent space.
In short, Kähler metrics are very similar to the Euclidean metric.
The Kähler condition has a number of important consequences. For example, the standard Laplace operators on a Kähler manifold obey a very simple relation: 
(1. The proof of this theorem is non-constructive [Yau78] ; with the exception of complex tori, explicit forms of Ricci-flat Kähler metrics on smooth CalabiYau manifolds are not known.
Classifying Calabi-Yau manifolds
A classification of Calabi-Yau D-manifolds turns out to be possible in dimension D ≤ 2, as I shall explain in this section. In the following, if not stated otherwise, let Y denote a connected Calabi-Yau D-manifold. I first recall some basic topological invariants of Y .
The theory of elliptic differential operators ensures that the cohomology of
These so-called Hodge numbers are topological invariants which enjoy a number of constraints for our connected Calabi-Yau D-manifold Y :
follows from the triviality of the canonical bundle.
Using the Hodge numbers, one obtains the following classical topological invariants:
For any holomorphic vector bundle E → Y ,
is the holomorphic Euler characteristic of E. 
It follows that the total Chern class of every trivial bundle is 
The Chern character of the bundle E is 
governs the deep relationship between the two types of invariants; in the context of complex manifolds and holomorphic bundles, which is relevant to our discussion, a precursor of this theorem is the following seminal 
To appreciate this theorem, recall that representatives of the Chern classes c k (Y ), c k (E) can be obtained in terms of the curvature forms of arbitrary Hermitean metrics on Y and E, respectively (see e.g. [LM89, BGV92] for a detailed discussion). The theorem thus yields the topological invariant χ(E) in terms of the integral of a local curvature expression. The essence of this theorem is the fact that 
, and with notations as in Definition 1.2.3,
Thus the Hirzebruch-Riemann-Roch Formula 1.2.4 yields
To obtain the signature σ(Y ) from the Hirzebruch-Riemann-Roch Formula, one uses the same total bundle
There is another relation between the Hodge numbers of Y and its top Chern class, due to the interpretation of χ(Y ) in terms of the Poincaré-Hopf Index Theorem [Poi85, Hop26] . One combines this classical result from differential topology, which is discussed in textbooks like [GP74, Mor01] , with the celebrated Weitzenböck formula from differential geometry, see e.g. the textbook [Jos95] . Indeed, if χ(Y ) = 0, then the Poincaré-Hopf Index Theorem implies that every holomorphic one-form on Y has at least one zero. On the other hand, using a Ricci-flat metric on Y , which exists by the Calabi-Yau Theorem 1.1.5, the Weitzenböck formula implies that every holomorphic one-form on Y has constant norm. In other words:
We are now ready to classify Calabi-Yau two-manifolds; the resulting Theorem 1.2.8 was first proved in [Kod64] , but with more recent results the proof can be simplified. First note 
The Kummer construction
In the previous section, I stated that all K3 surfaces are diffeomorphic to one and the same real four-manifold X [Kod64] . The choice of a complex structure and Kähler class on X, of course, greatly influences its geometric properties, for example the symmetries of the K3 surface. The Kummer construction, which shall be discussed in the present section, amounts to a special choice of complex structure and (degenerate) Kähler class, governed by the geometry of an underlying complex two-torus T L :
is a lattice of rank 4, and T L carries the complex structure and Kähler metric induced from the standard complex structure and Euclidean metric on C 2 . This Calabi-Yau two-manifold enjoys a biholomorphic isometry κ ∈ Aut(T L ) of order 2 which is induced by z → −z on C 2 . The quotient T /Z 2 of T L by the group {I, κ} ∼ = Z 2 is called the singular Kummer surface with underlying torus T L .
The singular Kummer surface T L /Z 2 is indeed singular: We choose ǫ > 0 and denote by B ǫ (0) ⊂ C 3 the open ball of radius ǫ with respect to the standard Euclidean metric on C 3 . Then the map
descends to an open neighborhood U ǫ ⊂ T L /Z 2 of 0 in the singular Kummer surface, where it is also denoted u, such that u bijectively maps U ǫ to
The map u is biholomorphic upon restriction to
immediately shows that u(U ǫ ) is a double cone with an isolated singularity at u = 0. Let us define the minimal resolution of this singularity: Definition 1.3.2 With notations as above, the point 0 ∈ U ǫ , and equivalently its image 0 ∈ u(U ǫ ), is called a singularity of type A 1 . Let
Moreover, let V ǫ denote the interior of the closure
is called the blow-up of the singularity 0 ∈ u(U ǫ ) of type A 1 , and E := σ −1 (0) is its exceptional divisor.
so the exceptional divisor E is biholomorphic to P 1 ,
The most important properties of the blow-up of a singularity of type A 1 are summarized in the following Proposition 1.3.3 The resolution σ : V ǫ −→ u(U ǫ ) of the singularity 0 ∈ U ǫ of type A 1 yields a smooth complex two-manifold V ǫ . The restriction
is biholomorphic, and the exceptional divisor E ⊂ V ǫ is biholomorphic to P 1 . Moreover, V ǫ has trivial canonical bundle.
The proof of Proposition 1.3.3 can be performed by a direct calculation. For example, smoothness of V ǫ close to the point p 1 := (0, (1 : 0 : 0)) ∈ E can be checked in the chart
) yields a smooth parametrization of U 1 near p 1 . Analogously, one obtains smoothness everywhere, and holomorphicity of changes of coordinates is immediate, as are the claims about biholomorphicity of σ |Vǫ\E and E ∼ = P 1 by what was said above. The triviality of the canonical bundle of V ǫ follows since η (z 1 ,z 2 ) = dz 1 ∧dz 2 on C 2 descends to a section of the canonical bundle of V ǫ over V ǫ \ E. On U 1 and with respect to coordinates (u 1 , v 3 ) as above, we have
as long as u 1 = 0. However, this implies that η has a holomorphic continuation to all of U 1 , which never vanishes. By proceeding similarly for other coordinate neighborhoods, η can be continued to a nowhere vanishing global section of the canonical bundle of V ǫ , which thus is trivial.
The Kummer construction is now summarized in 2 on an open neighborhood of y ∈ L/2L ⊂ T L by −y and finds that a punctured neighborhood of the origin is then biholomorphically mapped to U ǫ \ {0} as in Definition 1.3.2. Now X is obtained from the singular Kummer surface by blowing up all the singularities, that is, by replacing a neighborhood U ǫ of each of the singular points by a copy of the blow-up V ǫ . Since U ǫ \{0} is biholomorphic to V ǫ \ {0} and according to Proposition 1.3.3, X is a smooth complex surface with trivial canonical bundle. Moreover, X is compact and connected by construction. I claim that b 1 (X) = 0. Indeed, κ ∈ Z 2 acts by multiplication by −1 on H 1 (T L , C), such that none of the classes in H 1 (T L , C) can descend to H 1 (X, C). Furthermore, according to Proposition 1.3.3, the exceptional divisor of each blow-up is biholomorphic to P 1 with h p,q (P D ) = δ p,q , and thus the blow-ups only contribute to the cohomology of X in even degree.
In summary, X is a connected, compact complex surface with trivial canonical bundle and b 1 (X) = 0. By Definition 1.2.7, I have shown that X is a K3 surface.
Note that the standard Kähler metric on C 2 , which is the Euclidean one, induces a degenerate Kähler metric on X. Indeed, the induced metric assigns vanishing volume to each irreducible component E ∼ = P 1 of the exceptional divisor and thus does not correspond to a smooth, Riemannian metric on X. By [Nik75] , every K3 surface X which is obtained from some singular surface by the minimal resolution of 16 distinct singularities of type A 1 is biholomorphic to a Kummer surface. In other words, there exists a rank 4 lattice L ⊂ C 2 such that X is biholomorphic to the minimal resolution of the singular Kummer surface T L /Z 2 . There are many examples of singular quartic hypersurfaces in P 3 with 16 singularities of type A 1 , e.g. the one defined by
Such singular Kummer surfaces were first studied by Kummer [Kum64] . The construction has become a classical one by now and is described in detail, for example, in [BHPvdV04] .
Conformal field theory
As argued in the introduction, the Calabi-Yau geometry which the previous section was devoted to plays a crucial role in string theory. Indeed, a socalled non-linear sigma model construction is predicted to yield a superconformal field theory as the world-sheet theory for superstrings in a Calabi-Yau target geometry. Unfortunately, for a generic Calabi-Yau manifold it is still hopeless to attempt a non-linear sigma model construction explicitly. The only exceptions, in general, are the complex tori, which carry flat metrics, such that non-linear sigma models are only little more complicated than free field theories. Furthermore, orbifold constructions, which can be viewed as generalizations of the Kummer construction of Section 1.3, are reasonably well understood.
Non-linear sigma models on K3 surfaces, which will be discussed in Section 3, furnish an intermediate case in that many K3 theories are accessible through orbifold procedures, and in that the moduli space of these theories has been determined globally under a few additional assumptions [Sei88, Cec90, AM94, NW01]. That superconformal field theories allow an independent, mathematical approach is a crucial ingredient to that result. The current section therefore gives an overview on aspects of conformal field theory related to the particular Calabi-Yau geometries that the previous section was focused on, namely the non-linear sigma models on complex tori (Section 2.1) and their Z 2 -orbifolds (Section 2.2). Due to restrictions of space and time, I content myself with giving an overview and pointing to some relevant literature.
Toroidal superconformal field theories
In this treatise, I do not attempt to give a definition of conformal field theory (CFT), though hopefully these notes are useful also for the CFT-novice, in that they discuss some of the basic ingredients to CFT. I have summarized my own view on a definition of CFT elsewhere, see e.g. [Wen10] . To make best use of the restricted amount of space, I refer the reader to the recent review [Wen15] All superconformal field theories (SCFTs) are assumed to be non-chiral and to enjoy space-time supersymmetry as well as N = (2, 2) worldsheet supersymmetry.
An important ingredient to SCFT is the representation theory of the (super-) Virasoro algebra. Indeed, the space of states of any of our SCFTs is a Z 2 × Z 2 -graded complex vector space Space-time supersymmetry is tantamount to a decomposition of the partition function into four sectors,
for S ∈ {NS, R} :
), (2.1.1)
). Equation (2.1.1) reflects an isomorphism H N S ∼ = H R of representations of the N = (2, 2) superconformal algebra, known as spectral flow, which holds due to our assumption of space-time supersymmetry.
The simplest example of such an SCFT is a toroidal N = (2, 2) superconformal field theory, see [Wen15, Def. 5] for a more detailed account. At central charges (c, c) = (3D, 3D), D ∈ N, such a theory is in particular characterized by the fact that the chiral algebras on the left and on the right contain a u(1) 2D -current algebra each, along with D left-moving and D right-moving Dirac fermions, the superpartners of the u(1)-currents. The corresponding fields j k (z), k ∈ {1, . . . , 2D} and ψ ± l (z), l ∈ {1, . . . , D}, whose only non-vanishing OPEs are ∀k, l ∈ {1, . . . , 2D} : 
The representation H R is obtained from H N S by spectral flow, as was mentioned in the discussion of equation (2.1.1). A counting argument then shows
with the Dedekind eta function η(τ ) and the standard Jacobi theta functions ϑ k (τ, z), k ∈ {1, . . . , 4}. Here, the charge lattice Γ is an even selfdual lattice of signature (2D, 2D), given in terms of an embedding into R 2D,2D , which is specified by the decomposition γ = (γ L , γ R ) for every γ ∈ Γ as above. Generalizing Kac's holomorphic lattice algebras [Kac98] to the non-holomorphic case, in [KO03] the lattice vertex operator algebra corresponding to such an indefinite lattice is described. One has:
Proposition 2.1.1 ([CENT85, Nar86]) A toroidal superconformal field theory is uniquely characterized by its charge lattice Γ ⊂ R 2D,2D . For a theory with charge lattice Γ, setting
the four sectors of the partition function Z(τ, z) are
.
From Proposition 2.1.1 one also reads the moduli space of such theories [CENT85, Nar86] , see [Wen15, Thm. 1].
As mentioned above, the complex tori are the unique Calabi-Yau manifolds for which a non-linear sigma model construction can be performed directly and explicitly; in fact, for a torus
lattice of rank 2D, the non-linear sigma model construction yields a toroidal SCFT as discussed above. Geometrically, each u(1)-current j k (z), k ∈ {1, . . . , 2D}, as in (2.1.2), arises as the field corresponding to a parallel tangent vector field, given by a standard Euclidean coordinate vector field in R 2D ∼ = C D . The real and imaginary parts of its fermionic superpartners are the fields corresponding to the dual cotangent vector fields. The resulting non-linear sigma model also depends on the choice of a B-field, which in this setting can be described by a constant, skew-symmetric endomorphism of R 2D . Identifying R 2D ∼ = C D with its dual by means of the standard Euclidean scalar product, the dual lattice of L is given by
and the charge lattice of the resulting toroidal SCFT is
Vice versa, every toroidal SCFT allows a geometric interpretation in terms of a non-linear sigma model, see e.g. The terminology deserves explanation: Given a geometric interpretation R 2D,2D = Y ⊕ Y 0 of a theory with charge lattice Γ ⊂ R 2D,2D , without loss of generality we can set
its dual, and B some skew-symmetric linear endomorphism of R 2D . By Proposition 2.1.1 and the explanations preceding Definition 2.1.2, our theory then agrees with a nonlinear sigma model on
Given such a geometric interpretation of a toroidal SCFT, it is now also clear how certain geometric symmetries of the torus T L may induce symmetries of a toroidal SCFT on T L : If a symmetry of T L is given in terms of A ∈ End(C D ), then A has to act as lattice automorphism of L. Hence A ∈ O(2D) and A also acts as lattice automorphism of L * . If in addition, AB = BA, then A acts as lattice automorphism on Γ which respects the embedding Γ ⊂ R 2D,2D . One checks that the induced action on the space of states H yields a symmetry of the toroidal SCFT.
Z 2 -orbifold conformal field theories
In Section 1.3, I presented the classical Kummer construction, which yields a K3 surface from the much simpler complex two-torus T L = C 2 /L by Z 2 -orbifolding. The construction begins with the projection to T L /Z 2 , where Z 2 is generated by the symmetry κ of T L which is induced from −I on C 2 . By the discussion at the end of the previous section, κ also acts as symmetry on the non-linear sigma model constructed on T L with an arbitrary B-field B. The present section is devoted to the lift of this Z 2 -orbifold procedure to the level of CFT, to construct a new superconformal field theory from the much simpler toroidal one. This string theory procedure was inspired by the techniques that were originally developed in the context of Monstrous Moonshine [FLM84] for holomorphic vertex algebras, and it can be carried out in much greater generality [DHVW85, DHVW86] , that is, in arbitrary dimensions and with more general orbifolding-groups. Indeed, already the Kummer construction can be generalized to obtain K3 surfaces by orbifolding an underlying complex two-torus T L = C 2 /L with the appropriate symmetry by groups Z 3 , Z 4 or Z 6 , or even by certain examples of non-Abelian groups, see [Wen01] and references therein. In the following I provide an overview of the basic ideas behind the orbifold procedure in CFT. For the sake of brevity, I content myself with the discussion of Z 2 -orbifolds as an instructive example.
If not stated otherwise, in the following I consider a toroidal superconformal field theory at central charges (c, c) = (3D, 3D) with geometric interpretation on a complex torus T L = C D /L and with some B-field B as discussed in Section 2.1. As before, the space of states of the SCFT is denoted by H = H b ⊕ H f , and κ denotes the symmetry of order 2 of this theory which is induced by 
with
This expression is not modular invariant, since Z −I (τ, z) isn't, while Z Γ (τ ) and Z f (τ, z) are. Hence H To obtain information about such a would-be twisted sector, we observe that Z −I (τ, z) has a natural modular invariant completion
On the basis of a path integral interpretation of each summand, see e.g. [Gin88, §8.3], modular invariance of this expression is expected; it is shown to hold by a direct calculation. The key idea behind the orbifolding procedure is to interpret the three summands of the above expression as follows:
Here, H Proposition 2.2.1 Consider a toroidal N = (2, 2) superconformal field theory at central charges (c, c) = (3D, 3D) with charge lattice Γ ⊂ R 2D,2D and space of states H. Let κ denote the symmetry of order 2 which acts by multiplication by −1 on Γ and on the basic fields (2.1.2).
Then there exists a Z 2 -orbifold conformal field theory of this toroidal theory, whose space of states is H Z 2 ⊕ H tw , where H Z 2 ⊂ H denotes the κ-invariant subspace. The four sectors of the partition function Z orb (τ, z) of this theory are obtained from its R-sector by application of the spectral flow formulas (2.1.1). With notations as in Proposition 2.1.1 we have
If the Z 2 -orbifold CFT of Proposition 2.2.1 is obtained from a toroidal SCFT with geometric interpretation on T L = C D /L with some B-field B, then it is believed that the orbifold theory can be obtained by a non-linear sigma model construction from the orbifold limit of the Calabi-Yau D-manifold obtained 5 Also see Yi-Zhi Huang's blog [Hua14] and the references therein to appreciate the mathematical problems that the introduction of a SCFT on H from blowing up all singularities in T L /Z 2 . To support this belief, one checks from the partition function Z orb (τ, z) given in Proposition 2.2.1 that the dimension of the space of twisted ground states in H tw is 2 2D . This is precisely the number of singular points in T L /Z 2 . For more complicated orbifolding-groups, each singular point corresponds to a higher dimensional subspace of twisted ground states, depending on the order of the stabilizer group. This supports the idea that, at least naively 6 , the introduction of twisted sectors corresponds to the resolution of the singular points in the non-linear sigma model on T L /Z 2 . If D = 2, then by Theorem 1.3.4 the resolution of all singularities in T L /Z 2 yields a K3 surface. We should hence expect the Z 2 -orbifold conformal field theory of Proposition 2.2.1 to allow a non-linear sigma model interpretation on a Kummer surface in this case. In [NW01] , a map between the respective moduli spaces of conformal field theories is constructed which is compatible with this expectation. Earlier evidence in favor of the prediction arises from a calculation of the so-called conformal field theoretic elliptic genus For a CFT that arises as non-linear sigma model on some Calabi-Yau Dmanifold Y , it is expected that the conformal field theoretic elliptic genus agrees with the geometric elliptic genus of Y . The latter can be defined as the holomorphic Euler characteristic of a formal vector bundle E q,−y on Y , more precisely a formal power series in q = e 2πiτ and y = e 2πiz whose coefficients are holomorphic vector bundles on Y . Using the notations Λ x E, S x E for any vector bundle E → Y and a formal variable x with
where Λ p E, S p E denote the p th exterior and symmetric powers of E, and with T := T 1,0 Y the holomorphic tangent bundle of Y ,
The holomorphic Euler characteristic of Definition 1.2.1 is naturally extended to formal power series with coefficients in holomorphic vector bundles on Y ,
We then have: From Propositions 2.1.1 and 2.2.1 one immediately finds the conformal field theoretic elliptic genera of the non-linear sigma model on a complex two-torus
2 /L and of its Z 2 -orbifold CFT:
These functions agree with the known geometric elliptic genera of T L and a Kummer surface, respectively, and thereby of all complex two-tori resp. K3 surfaces [EOTY89]:
Proposition 2.2.4 Consider a toroidal N = (2, 2) superconformal field theory at central charges c = c = 6 with geometric interpretation on a complex two-torus T L = C 2 /L with some B-field B. Then its conformal field theoretic elliptic genus agrees with the geometric elliptic genus of T L , and thereby of every complex two-torus. The conformal field theoretic elliptic genus of the Z 2 -orbifold CFT of this toroidal theory agrees with the geometric elliptic genus of any (and thereby every) K3 surface.
3 Outlook: Towards superconformal field theory on K3 and beyond
The discussion in the previous section foreshadows a rather subtle relation between geometry and conformal field theory. This final section of these lecture notes gives a rough overview and outlook on attempts to get a better understanding of this relation. Special attention is paid to K3 surfaces and conformal field theories associated to them, because as we have seen, the K3 surfaces furnish the simplest examples where non-linear sigma model constructions are not fully understood.
From a mathematical point of view, an abstract approach to CFT, based in representation theory, is desirable. However, then the route back to geometry is not immediate 7 . As mentioned before, direct constructions of superconformal field theories from Calabi-Yau data are sparse -they are essentially restricted to toroidal SCFTs and their orbifolds.
However, if the existence of a non-linear sigma model on a Calabi-Yau Dmanifold Y is assumed, then a number of additional properties are known for the resulting SCFT. First, it enjoys N = (2, 2) (world-sheet) supersymmetry at central charges c = c = 3D as well as space-time supersymmetry. Second, all eigenvalues of the linear operators J 0 and J 0 on the space of states H = H N S ⊕ H R are integral in the Neveu-Schwarz sector 8 H N S . At small central charges, more precisely at c = c = 3 and c = c = 6, these 7 Specifically concerning the discussion of the "geometry of CFTs", see also Yi-Zhi Huang's blog [Hua14] and the references therein.
8 Since space-time supersymmetry implies an equivalence of representations of the N = (2, 2) superconformal algebra H N S ∼ = H R under spectral flow, this integrality condition implies that J 0 − J 0 has only integral eigenvalues on all of H, and that the eigenvalues of J 0 and J 0 in the Ramond sector H R lie in One needs to appreciate that Definition 3.1 does not make use of non-linear sigma model assumptions. This also means that one needs to carefully distinguish between K3 theories and conformal field theories on K3.
It is wide open, yet interesting and important, whether all K3 theories are theories on K3 in the sense that they can be constructed as non-linear sigma models. At least to our knowledge, no counter example is known.
There are various geometric properties of K3 surfaces that can be recovered from abstractly defined K3 theories. Let us only mention that under few additional assumptions, listed in [Sei88, Cec90, AM94, NW01], each connected component of the moduli space of K3 theories agrees with the moduli space expected for non-linear sigma models on K3. From this identification one obtains the notion of geometric interpretation for K3 theories in the spirit of Definition 2.1.2, see [AM94] . For the so-called Gepner models, this allows to interpret certain symmetries of these theories in terms of geometric symmetries of an underlying K3 surface, see e.g. [EOTY89, NW01, Wen02, Wen07, Wen06] . The precise role of geometric symmetries for the properties of the elliptic genus is central to more recent discussions [TW13a, TW13c, TW13b] of the Mathieu Moonshine phenomena, in search of a geometric explanation for the seminal observations of [EOT11, Gan12] , see [Wen15, Sect. 4 ] for a summary. Using mirror symmetry, one can also explicitly construct a family of K3 theories with a geometric interpretation on a family of smooth K3 surfaces, which are expected to provide examples of non-linear sigma models on such smooth manifolds [Wen06] .
It is natural, but much more subtle, to reconstruct aspects of the vertex algebra which underlies a superconformal field theory from geometric data, if the theory is expected to have a non-linear sigma model interpretation. From a string theory perspective, one should introduce free fields on local coordinate patches of Y , analogously to the fields j k (z), ψ ± l (z) of (2.1.2), however it is unclear how to relate these "locally defined" fields to the ones that are used in abstract conformal field theories.
A more "rigid" approach, inspired by and closely related to topological field theory, uses bc−βγ systems on holomorphic coordinate patches of a compact, connected complex manifold Y . Roughly, one replaces the local holomorphic coordinate functions and holomorphic tangent vector fields by free bosonic fields of scaling dimensions zero and one, respectively, (the bc-fields), while cotangent vector fields correspond to fermionic fields (the βγ-fields). For these fields, transition functions between holomorphic coordinate patches can be defined according to the known geometric transformation rules. By this construction, one arrives at a sheaf of conformal vertex algebras on Y , which allows the definition of a natural Z-grading and a differential of degree one. The resulting complex is known as the chiral de Rham complex [MSV99] because it is quasi-isomorphic to the classical (Dolbeault-) de Rham complex on Y .
The construction of the chiral de Rham complex is "rigid" or topological in that an underlying conformal covariance manifests itself in a global section of the chiral de Rham complex, which yields a Virasoro field at central charge zero. One can perform a topological twist to a traditional N = 2 superconformal structure at central charge c = 3D if Y is a Calabi-Yau Dmanifold. This structure is found to descend to the sheaf cohomology of the chiral de Rham complex, which carries the structure of a superconformal ver-tex operator algebra [Bor01, BL00] . Thereby, the above-mentioned problem is solved, that the geometrically motivated fields are only defined locally on coordinate patches, while abstractly defined conformal field theories do not exhibit such "locally defined" fields.
Armed with this success, one would naturally expect the vertex algebra that is obtained from the chiral de Rham complex to be closely related to the one which underlies a non-linear sigma model on Y . This expectation is reinforced by the fact that almost by construction, the graded Euler characteristic of the chiral de Rham complex on a Calabi-Yau D-manifold Y yields the geometric elliptic genus E Y (τ, z) of Definition 2.2.3 [Bor01, BL00]. However, the precise relation between the relevant vertex algebras turns out to be more subtle. In particular, the construction of the chiral de Rham complex does not depend on the choice of the Kähler class on Y , in contrast to what one expects for the vertex algebras obtained in non-linear sigma models. According to [Kap05] , this problem can be solved by performing a large volume limit to identify the BRST-cohomology of a topologically half twisted non-linear sigma model on Y with the sheaf cohomology of the chiral de Rham complex.
Returning to K3 theories, where the notion of geometric interpretations is well understood, one may hope for more concrete results. Indeed, for generic Calabi-Yau D-manifolds it is notoriously hard to calculate the sheaf cohomology of the chiral de Rham complex and its superconformal vertex algebra structure. On the other hand, for toroidal SCFTs and their Z 2 -orbifolds at c = c = 6, I expect that a direct calculation should show that the vertex algebra obtained from the sheaf cohomology of the chiral de Rham complex in fact agrees with the one obtained by a topological half-twist from the respective superconformal field theories [CGW15] . Intriguingly, our calculations seem to indicate that although the construction of the chiral de Rham complex crucially depends on the choice of complex structure on Y , the resulting vertex algebras show no dependence on the choice of complex structure (nor Kähler structure) within these two classes of examples.
In short, there are many intriguing mathematical and physical mysteries left when it comes to the journey from geometry to conformal field theory, even en route at the potentially simpler K3 geometry and K3 theories.
